As discussed in literature, the accurate analysis of the modern co-cured joints between composite materials or between a metal and a composite material (hybrid joints) is complicated by the influence of the interface resin layer on the interface singular stress field. In such joints, in fact, there is not a proper adhesive layer and the thickness of the resin layer, that plays the role of the adhesive, is not constant due to the presence of the reinforcing fibers in the composite adherent. For this reason several authors assume that a generic co-cured joint can not be studied as a simple bi-material joint, without considering the particular characteristics of the actual resin layer. This problem is also involved into the development of reliable design methods able to give accurate predictions of the joint efficiency. In this work, by theoretical analyses performed by using the Lekhnitskii theory, numerical simulations carried out by means of the boundary element method and experimental investigations based on the combined use of the generalized Dundurs parameters and digital photoelasticity, the influence of the resin layer on the singular stress field at the interface of a generic hybrid metal-composite joint, has been investigated.
Introduction
A co-cured joint is a bonded joint between two composite adherents or a composite adherent and a metal adherent in which the adhesive role is played by the resin of the composite adherent; unlike a classical adhesively bonded joint, in the co-cured joint it is not easy to distinguish the adhesive layer between the adherents. As a consequence, the resin thickness at the interface cannot be assumed as a joint design parameter, since the thickness cannot be controlled during the manufacturing of the joint, depending by several factors as manufacturing process, cure conditions, etc. Although in co-cured joints the thickness of the interface resin layer is usually very low if compared to the typical thicknesses of the adhesive layers of classical adhesively bonded joints, this thickness is not negligible in many cases as low pressure curing, adhesive film interposed between the adherents or adhesive film with embedded reinforcing grid. In this last particular case, the thickness of the interface resin layer can be easily assumed as design variable being it almost equal to the reinforcing grid thickness [1] . Also, in single and double lap joints the cohesive failures of the thin interface resin layer as well as of the first lamina of the composite adherent, have shown that the metal-composite interface is often an interface of resin mixed with fibers [2] [3] [4] [5] [6] . In order to evaluate the accuracy of a theoretical design method that consider the joint as a simple biomaterial system and relates the failure load to the stress intensity factors that govern the singular stress field at the interface, in this paper the influence of the resin layer thickness between the adherents as been investigated by using theoretical analyses, numerical simulations and experimental assessments.
State of the art
The influence of the adhesive layer on the singular stress field that occurs in bi-material joints has been investigated in literature by many authors. In detail, in [7, 8] the authors have studied the singular stress field that occurs at the tip of an interface crack in a bi-material joint; in [9] the authors have demonstrated that in the experimental practice it is possible to neglect the influence of the interface adhesive layer by using an adhesive with the same elastic properties of one of the materials joined. Other authors have studied the adhesive bonded joints following the approach of fracture mechanics [10, 11] . Among them, some authors have investigated the influence of the adhesive layer thickness on the stress intensity factors at the crack tip. Trantina G.G. [10] has investigated the use of the fracture mechanics approach to study an aluminum-epoxy resin-aluminum joint notched along the interface and loaded in opening mode (mode I). Using finite element analyses, Trantina has investigated the variation of strain energy rate G and then the influence on the stress intensity factor K versus the thickness of the adhesive layer. Trantina concluded that for very small adhesive thicknesses, the value of the strain energy of the bimaterial system analyzed is approximated by the strain energy for the homogeneous system (aluminum only), G AlEp G Al , while the ratio of the stress intensity factors for homogeneous and bi-material systems is approximately equal to the square root of the Young moduli ratio of adherent and adhesive, i.e. K Al /K Al,Ep (E Al /E Ep ) 1/2 . In case of an interface semi-infinite crack, Suo and Hutchinson [11, 12] present a series of theoretical papers in which the stress intensity factors are determined in closed form for a sandwich type bi-material joint, in which the adhesive is inserted between two sheets of homogeneous material. The proposed expressions are valid for notched specimens, for which K I and K II are known in the homogeneous case, as well as for asymptotic problems, that is for joints where the thickness h of the adhesive is much lower than the dimensions of the joint. While Suo and Hutchinson [11] considered the crack at the interface between adhesive and adherent, Santhanam [13] , by means of numerical analyses, considers the same configurations but with crack contained in the adhesive layer. Therefore, in [13] Santhanam, by considering a tri-material joint (material 1-adhesive -material 2), compares his results with those given by Rice [14] for a simple bi-material joint (material 1-material 2) in the case of central crack at the interface, reporting differences lesser than 2% for the real part of the SIF K 1 ; higher differences are observed in determining the imaginary part of the SIF K 2 mainly due to the fact that K 2 is, for the cases analyzed, two orders of magnitude lower than K 1 . In the case of semi-infinite interface crack in a bending specimen, the differences for both real part and imaginary part of the complex expression of the stress intensity factor are small if compared to the numerical results provided by Charalambides et al. [15] , who studied the simple bi-material case (without adhesive). Moreover, Crews et al. [16] studied numerically the influence that some characteristic parameters may have on the singular stress field at the crack tip in the double cantilever beam (DCB) joints. In detail, they analyzed the case of adherents made of carbon fiber-epoxy resin and epoxy adhesive, varying the adhesive thickness t. In detail, they consider the adhesive thickness that varies from 0.01 mm (common case of co-cured joints) to 0.66 mm (starting from t = 0.1 mm it is possible to speak of bonded joints). They observe that the curve of the peeling stress near the crack tip does not depend on the adhesive thickness, while different curves are obtained away from the crack tip. This means that the specimens studied have the same stress intensity factors varying the adhesive thickness. In [17] Penada modifies the homogeneous solution obtained by Kanninen [18] and obtains a closed-form expression for G by considering a DCB specimen with adhesive layer. He analyzes the case of orthotropic composite specimens and compares the results with the exact solution obtained by Suo et al. [19] for the case of specimen without adhesive. The results show that the proposed method agrees well with numerical simulations and, by reducing the thickness of the adhesive layer, the stress intensity factors tends to the theoretical solution obtained for the bimaterial specimen (see Suo [19] ). In [20, 21] Wang and Agrawal published a series of works in which they modify the solution obtained by Suo and Hutchinson [11] for the closed form determination of K for a bi-layer compact sandwich (BCS). In addition, they carry out numerical analyses to investigate the effects of the adhesive thickness on K and propose a correction factor to correct the proposed solution. The results show that the proposed corrected solution tends to the solution for homogeneous material when the adhesive thickness decreases, or the mismatch of the elastic properties of adherents and adhesive decrease.
Theoretical analysis
The approach of the complex potentials for anisotropic bodies was introduced by Lekhnitskii [22] , Eshelby et al. [23] and Stroh [24] . For convenience, the work of these authors are often referred to by the acronym LES. For a homogeneous material for which the xy plane is an isotropy plane, the characteristic equation for plane strain state is [22] 
where s ij are the strain coefficients. It has been shown by Lekhnitskii [22] that the roots of equation (1) can never be real: these roots are two pairs of complex and conjugate solutions. Assuming that they are distinct, it is possible to choose two distinct roots, μ 1 and μ 2 , with positive imaginary part, each associated with a complex variable z j =x+μ j y. The stress/displacement field can be expressed by two holomorphic functions φ 1 (z 1 ) and φ 2 (z 2 ), whereas the complex numbers μ 1 and μ 2 depend on the material characteristics. The way to obtain these numbers was proposed by Eshelby et al. [23] and Lekhnitskii [22] , then it was summarized by Suo [7] . For orthotropic materials, μ j are the roots with positive imaginary part of the equation of fourth order [7] :
which is valid for both plane stress and plane strain state. For plane stress, the constants λ and ρ that provide a measure of the material anisotropy is given by: 
Since the strain energy is positive, it follows that λ>0 and -1<ρ< . In detail, for a generic isotropic materials λ =ρ =1 and μ 1 = μ 2 = i. The displacements u i , the stresses σ ij and the resultant forces T i can be obtained through the complex potentials as:
where Φ' is the derivative of Φ. 
In order to define the stress/displacement field for isotropic materials, Stroh [24] introduced the relation between LES and isotropic complex potentials of Muskhelishvili [25] through the positive Hermitian matrix:
[ ] Generally, for orthotropic materials λ 1/4 is close to the unit and, therefore, α 1 and α 2 are almost equal. In this case it is possible to obtain an average value of α, which is the arithmetic average value of α 1 and α 2 : As an alternative to α, another generalized Dundurs parameter Σ can be defined as: Like α, the parameter Σ measures the relative stiffness of the two coupled materials.
Cherkaev et al. [27] have shown that for boundary conditions of simple tension, the stress field in an anisotropic elastic body with a variety of discontinuous interface conditions (including the simply connection) is invariant with an appropriate constant change (a scalar multiple of the fourth order rotation tensor) of the elastic compliance. It is noted that, under these conditions, the parameters λ and ρ, the complex roots μ j , H 11 and H 22 , β, as well as the oscillatory index ε, are invariant (Gosz and Moran, [28] ).
Suo [7] has also noted that, for a composite made by two aligned orthotropic materials with the boundary conditions of tension, α and β (or ε and Σ) together with the two anisotropy measures, λ and ρ (for each material), are all needed for the characterization of the stress field. Such an approach can be useful in experimental analysis of anisotropic materials joints (amj). In fact, in order to investigate the stress field at the interface between two anisotropic materials near the free edges, by using the photoelasticity it is possible to study a photoelastic equivalent joint (pej) made by one or two isotropic birefringence materials (see fig.1 ), characterized by the same generalized Dundurs parameters:
The photoelastic analysis may also be useful to investigate the influence of the resin layer between the two materials joined, which is often neglected in numerical analyses of co-cured composite joints. In fact, a composite laminate made by n laminas is constituted by 2n +1 layers of fiber and resin and it is generally analyzed by considering its global elastic properties obtained by the TCL, i.e. by neglecting the actual layer of resin between the two materials joined. 
Numerical analysis
In order to provide a contribution to the study of the influence of the interface resin layer on the Generalized Stress Intensity Factors (GSIFs) that govern the singular stress field at the interface of a generic co-cured joint, numerical investigations have been carried out on a double lap co-cured joint aluminum-CFRP (see fig. 2 ). The numerical model is a 2D plane model made by the boundary element code Beasy ® , using quadratic elements, with a very graded mesh near the singularity points (intersection between interface and free edge) in order to obtain a minimum size of the elements equal to 1 μm. The numerical model also considers a layer of epoxy resin between the adherents. Analyses were performed by varying the thickness of the interface resin layer t a . The relative results were compared with those obtained by a similar model of a simplified co-cured joint, i.e a joint without adhesive resin layer (t a =0). Fig. 3 shows the peeling stress σ y near point A (see fig.2 ). This figure shows that in practice it is not possible to distinguish the curves relative to t a = 0.01 mm from that relative to t a = 0, i.e. relative to an ideal co-cured joint without interface resin layer. On the contrary, the curve relative to a joint with t a = 0.6 mm is appreciably different, indicating that from this t a value the influence of the interface resin layer becomes significant. Moreover, as it is well known, the singular stress field near the point A (see fig.2 ) is in general described by a binomial equation when the singular stress field is described by two singularity orders in the section plane [25, 29] 
where K i are the stress intensity factors, ω i are the singularity order, f ij (θ) are the angular functions (i,j=1,2).
The binomial Eq.(21) becomes monomial when the singular stress field is described by only one singularity order, i.e: ) ( ) , (
Therefore, as in MFLE, once singularity orders and angular functions are analytically evaluated, the corresponding generalized stress intensity factors in the plane (in-plane GSIFs) can be computed numerically from the stress field near the singular point examined. It is also noted that, similarly to MFLE, the stress intensity factors K ij can be written as [30] [31] [32] : where σ o is the applied remote stress, β ij is the shape function (or dimensionless GSIF) that takes into account the geometry and the loading condition, w is a characteristic dimension of the joint, in the follow assumed to be equal to the thickness of the metal adherent. The shape function βSF that governs the singular stress field near point A (monomial case) are reported in fig. 4 , varying the thickness of the interface resin layer.
It is important to observe that the βSF values decrease with the thickness of the interface resin layer for t a <0.1 mm, while they increase for t a >0.1 mm. Consequently, it is possible to state that the value t a = 0.1 mm can be considered as the frontier between classical adhesively bonded joints (t a >0.1 mm) and the co-cured joints (t a <0.1 mm) [16] . It is possible to note that, as confirmed also by the results of fig. 3 , the shape functions values relative to joints with t a =0 mm (ideal bi-material joint) and t a =0.01 mm (actual co-cured joints) are almost coincident (Δ% <0.2%). In detail, fig. 4 shows that for any co-cured joint (t a <0.1 mm) the percentage difference between the shape function values calculated for joint with an interface resin layer and those calculated for the ideal co-cured joint is in practice always less than ± 3%. In other words, the obtained results show that, in the analysis of co-cured joints the error due to neglecting the influence of the interface resin layer, is in general negligible.
Experimental analysis
In order to study the influence of the interface resin layer on the GSIFs of composite co-cured joints, as well as in order to set up a useful procedure for the experimental determination of the GSIFs of joints between anisotropic materials, by means of the combined use of the generalized Dundurs parameters and the photoelastic digital technique, some photoelastic analyses have been performed by varying the main influent factors. In detail, through the digital photoelasticity, a double lap joint having the inner adherent of araldite and the outer adherent of GFRP unidirectional laminate, has been analyzed. Mechanical and photoelastic properties of the adherents are shown in Table 1 . It is to be noted that, regarding the singular stress field at the interface between the adherents (near the free edges), this joint is equivalent to the CFRP-GFRP co-cured joint having the mechanical properties shown in Table 2 . In fact, the aforesaid joints have in practice the same generalized Dundurs parameters (see Eq. 20), as shown in Table 3 . The photoelastic analysis has been performed on two different double lap joints between unidirectional GFRP (outer adherent) and araldite (inner adherent, see fig.5 ); in detail, in the outer composite adherent of the first joint the glass fibers are aligned with the longitudinal direction, whereas in the outer composite adherent of the second joint the glass fibers are oriented at 90°. As shown in fig. 6 , the singular stress field near the point A is characterized by two singularity orders in the plane for both the analyzed cases (γ =0° and γ =90°). Therefore, in this point the singular stress field is described by the binomial equation (21) .
Once the singularity orders are determined by using the procedure seen above and the angular function are evaluated by means of the procedure described in [33] , it is possible to calculate the stress intensity factors [34] . Obviously, the comparison between the GSIFs obtained numerically and those obtained experimentally allows the user to estimate the approximations involved into both theoretical and numerical calculations performed by assuming the composite laminate as a homogeneous material characterized by the global elastic parameters, and neglecting the resin layer at the interface. The digital photoelasticity allows the user to obtain the GSIFs by means of the knowledge of the retardation δ, which depends on the stress field following the well-known equation:
where C is the birefringence constant of the photoelastic material, d is the thickness of the model, λ is the wavelength of the polariscope light source, σ 1 and σ 2 are the principal stresses.
In the binomial case, by substituting Eq. (21) into Eq. (24), it is possible to write the retardation δ as a function of the stress intensity factors, the singularity orders and the angular functions, as [9] : 
) In the Eq. (25) , the angular functions L 1 , L 2 and L 3 are given respectively by:
Fixed the angle θ, the Eq. (25) is a polynomial function of r, which coefficients are obtained by the theoretical analysis. It implies that, considering a virtual radial line (θ=constant) inside the photoelastic material (starting from the singularity point -see fig. 7a ), the curve δ 2 is described by a polynomial function of three terms having the following exponent: -2ω 1 , -2ω 2 and -(ω 1 +ω 2 ).
This property allows the user to evaluate the stress dominated zone (SDZ) as the part of the curve δ 2 which is well interpolated by a polynomial function as: (24), the factor l 3 is l 3 
1/2 . After the determination of the SDZ, the value of the two SIFs can be computed by comparing Eq. (29) with Eq. (25) . It follows:
where the correct sign of the Eq.(31) is equal to the sign of l 3 in the Eq. (29) . Fig. 7 shows the application of this procedure to the unidirectional GFRP/araldite joint with fibers aligned with the longitudinal direction of the joint, loaded with a total force of 1027 N. In detail, fig. 7 (a) shows the isochromatic map observed in the photoelastic material in white light near the point A, whereas the fig. 7 (b) shows the square of the fringe order obtained by considering a radial line oriented at 30° with respect to the interface between the adherents (line P 1 -P 2 ). . Fig. 8 shows the same procedure applied to the joint with fibers of the composite adherent oriented at 90°. Table 4 . This comparison shows that the experimental results agree well with the numerical ones regarding K 1 (percentage error lower than 5%), whereas bigger differences are observed by comparing K 2,num and K 2,exp . It is important to note that in this case such differences are not due to the influence of the resin layer but mainly to the ill-conditioned of Eq. (25) due to the very small contribution of the terms related to the second singularity order (small value of ω 2 ). In both the examined case, the good agreement between the first order GSIFs K 1,num and K 1,exp allows to affirm that for a common co-cured joint having t a <0.1 mm, both theoretical and numerical analyses can be performed by neglecting the influence of the resin layer, i.e. by considering the ideal bi-material joint in which the interface lamina is correctly characterized by the global elastic constants determined experimentally or provided by micromechanics. 
Conclusions
The theoretical, numerical and experimental study of double lap hybrid metal-composite co-cured joints performed in this work, has shown that in general the influence of the interface resin layer on the generalized stress intensity factor values (GSIFs) that govern the interface singular stress field, is negligible. In particular, such a result is accurate for a common co-cured joint characterized by a resin layer thickness less than 0.1 mm. As a consequence, it is possible to state that the theoretical analyses and the numerical simulations of hybrid metal-composite co-cured joints can be in general performed correctly by considering an ideal bi-material joint without an adhesive layer at the interface. In other words, the interface lamina of the composite adherent can be accurately modeled (numerically or theoretically) as a homogeneous material characterized by the global elastic properties obtained experimentally or by micromechanics analysis. Also, by using the generalized Dundurs parameters, the digital photoelasticity can be used for the accurate experimental analysis of the GSIFs of a generic co-cured joint by investigating the equivalent photoelastic joint. The accuracy of the GSIFs obtained in this work for several co-cured joints by using the digital photoelasticity shows that such an experimental approach allows the user to determine the GSIFs of a generic cocured joint between anisotropic materials by studying the equivalent joint having an adherent made by an isotropic birefringence material.
